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Equations of Motion for Double Pendulum

We consider the double pendulum, which consists of the arm 1
and the arm 2 (See Figure). The lengths of each arm are ¢; and
Uy, and the masses are m; and my. Suppose that the centers of
mass (COM) of each arm are at the centers of the each arm, and
the inertia moments of each arm are L; and Lo, respectively.

The configuration of the double pendulum is specified by the an-
gles between each arm and the negative direction of the y axis, 6,
and 82.

Using the formalism of analytical mechanics, we will derive the
equations of motion for the system as a set of ordinary differential
equaions of the first order with 4 variables, i.e. the angles (6, 65)
and their canonical conjugate momenta (p;, ps).

First, we derive the Lagrangian L. Suppose that the co-ordinates of COM of each arm
be (z1,y1) and (z9,¥s), then they can be expressed in terms of the angles (61, 6,) as

1 1
Ir = 561 sin 91, To = £1 sin 81 + 562 sin 92,

= —561 cOS @17 Yo = —61 COS 01 — 562 COS 92.

By taking the time derivatives of these equations, the velocities of each arms (41, 7;) and
(Z9,72) are given by
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i = 561 cos 66, Tg = Fl1cosb0; + 552 cos 605,

?)1 = 561 sin 91017 yg = gl sin 9191 + §€2 sin (9292 .

The kinetic energy T" may be expressed as the sum of the translational energy of COM
and the rotational energy around COM, thus is given by
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as a quadratic form of 0= (91, 92), using the symmetric matrix A.

The potential energy U is given by

1 1
U= —m1g§€1 cos 1 — mag <€1 cos b, + 562 cos 92> ,



thus we have Lagrangian L for this system
L(6,0) =T(0,6) —U(0)

as a function of @ and 6.

The momentum p = (p;, p2) canonical conjugate to @ is defined as
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thus the Lagrange equation of motion is given as
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or
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= ——m2€1€2 sin(91 — 02)6192 — mlg§€1 sin 91 — mgg€1 sin 91 s

b1 _0_91 5
oL 1

. ‘ . 1
P2 = 8_92 = +§m2€1€2 sm(91 — (92)‘9192 - m2g§€2 sin 92 .

The equations of motion for the system are given by Eqgs. (1) and (2), which are the
second order differential equations of 8. In the numerics, it is more convenient in the form
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as first order differential equations of the four variables 8 and p, which we solve numer-
ically using the Runge-Kutta method of the fourth order. Note that A~!is the inverse

matrix of A, namely
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Note that this set of equations (3) is exactly the same as Hamilton canonical equation
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